A new mathematical model for the citrate synthesis method of gold nanoparticles has been developed. The model is based on the ''seed-mediated" mechanistic description of the synthesis. This mechanistic description accounts for the acid-base properties of the synthesis precursor and reducing agent. The predicted final mean sizes of the nanoparticles closely agree with those measured experimentally. a r t i c l e i n f o 
Introduction
Gold nanoparticles (GNPs) have applications in a variety of fields. In biomedicine, for example, they are used in cancer diagnosis and biological imaging. GNPs possess excellent catalytic properties and high conductivity, which can be tuned using particle size, surface functionality and intraparticle separation. Such properties are exploited in many electrochemical and electrocatalytic sensors. Their optical, optoelectronic, electrochemical and electrocatalytic properties are used to detect biomolecules such as proteins, DNA, oligonucleotides, pathogens, and also entire cancer cells; this has significant impact in healthcare applications (Yang et al., 2015; Dreaden et al., 2012; Zhang et al., 2014; Lane et al., 2015; Matias et al., 2017; Zhou et al., 2015) . Even if bulk gold is inert, in nanoparticle form it displays high catalytic activity for a variety of reactions, such as oxidations of olefins, alcohols and alkanes, hydrogenations, and aminations (Corma and Garcia, 2008; Daniel and Astruc, 2004; Stratakis and Garcia, 2012) . Geometrical properties, such as size and shape, determine how the particles perform. When the GNP size approaches the Fermi wavelength of electrons (<2 nm), molecule-like optical properties and size-dependent fluorescence appear (Zhou et al., 2015; Yang et al., 2015) . Large GNPs have a longer electromagnetic field decay length and provide higher sensitivity; so, they are more efficient at enhancing Raman signals (Yang et al., 2015) . In catalysis, the size of the GNPs strongly influences their performance. Catalytic activity of GNPs typically increases substantially as size decreases below 5 nm (e.g. CO oxidation). However, selectivity to desired products can increase or decrease with nanoparticle size, depending on the particular reaction (Hvolbaek et al., 2007; Hashmi and Hutchings, 2006) . Spherical GNPs with sizes from 10 to 150 nm can be produced via a synthetic route known as the citrate method. Many authors have explored this method for different applications and have investigated how the nanoparticles form when the precursor (a tetrachloroauric acid solution) reacts with the reducing agent (a trisodium citrate solution). However, the GNPs produced are usually polydisperse and irreproducible. Sometimes, the polydispersity can be $40% (Ji et al., 2007) , therefore undermining product quality. A model of the synthesis would help to select the conditions in which to produce the nanoparticles and to design the reactor in which the synthesis is to be conducted; this would allow controlling the process better and rendering the particles more reproducible.
In the past, researchers explained the GNPs synthesis through the pioneering work of Turkevich et al. (1951) , who suggested that the particles form via a nucleation-growth mechanism. According to this mechanistic description of the synthesis, tetrachloroauric acid reacts with sodium citrate to form gold chloride and dicarboxy acetone (DCA). Subsequently, the latter (which acts as nucleation agent) organizes gold chloride to form gold nuclei, while decomposing into acetone. Its decomposition eventually prevents the generation of new nuclei (nucleation stops), leaving behind unconsumed gold chloride that reacts on the surface of the particles thereby making them grow. Nucleation and growth are therefore decoupled. Kumar et al. (2007) developed a mathematical model for the description of the GNPs synthesis, basing it on such a theory. In our recent work (Agunloye et al., 2017) , we tested the model for different synthesis conditions studied experimentally by various researchers, for which results are available in the literature. The model poorly predicted the experimental data, because the Turkevich organizer theory does not account for the acid-base properties of the precursor and reducing agent.
In the last decade, however, new evidence has emerged indicating that the particles aggregate significantly during the synthesis, aggregation taking place after nucleation but before growth (Wuithschick et al., 2015) . Further evidence has shown that changing the pH value at which the synthesis is conducted affects the processes of nucleation, aggregation and growth, and influences the final size of the particles (Ji et al., 2007) . For example, the effect of aggregation, which occurs significantly at low pH values, decreases when the pH increases, while an opposite trend is found for growth. This behaviour is due to the chemistry of the precursor and reducing agent, which are a strong acid and a weak base, respectively. In addition, both of them exist in different forms depending on the value of the mixture pH: the precursor can exist as AuCl Only pH values between 3 and 8, measured at room temperature, favour the synthesis (Ji et al., 2007) . While investigating the synthesis within this pH range, Wuithschick et al. (2015) proposed the so-called ''seed-mediated mechanism", in which nuclei generate ''seed particles", which then grow into the particles of final size.
In this paper, we develop a new model for the synthesis based on the seed-mediated mechanism. This mechanism originates from the thermodynamics and kinetics of the synthesis. Thermodynamics allows identifying the chemical components and their amounts at quasi-equilibrium and final equilibrium states (later on, we will explain the concept of quasi-equilibrium in the context of the citrate synthesis method). Kinetics, on the other hand, provides the rates of the reactions involved in the synthesis. In developing the model, we take into account the thermodynamics of the substances involved in the synthesis. Then, we derive rate-order equations for the reactions that occur in the pH range of interest for the synthesis analysed. To predict the evolution of concentrations and particle size distribution, we derive mass balance equations for the fluid components and a population balance equation (PBE) for the GNPs. These describe the synthesis according to the seed-mediated mechanism of Wuithschick et al. (2015) . While the mass balance equations are ordinary differential equations, the PBE is an integro-partial differential equation. Their combination yields a complex model that can only be solved numerically. To solve it, we employ the commercial numerical code Parsival. For the initial conditions, we adopt the process conditions that other researchers previously used in this synthesis method to produce GNPs. We then compare the model predictions to experimental data from literature.
The article is structured as follows. Section 2 briefly presents the seed-mediated mechanism. Section 3 reports the reactions that occur in the synthesis according to this mechanism, their corresponding rate-order equations and the balance equations for the components. Section 4 presents the solutions of the model and discusses the results. Finally, Section 5 reports the conclusions of the work.
Seed-mediated mechanism
In this section, we describe how gold nanoparticles evolve in the citrate synthesis method according to the seed-mediated mechanism of Wuithschick et al. (2015) . For this synthesis, two solutions are prepared, one containing tetrachloroauric acid and the other containing sodium citrate in water. The aqueous medium renders the acid-base properties of precursor and reducing agent possible, dissociating according to the following equilibrium reaction:
At 25°C, the equilibrium constant K a;w of the dissociation of water, expressed as K a;w ¼ C H þ :C OH À , is equal to 10 À14 (Sandler, 2006) , where C H þ and C OH À denote the concentrations of H þ and OH À , respectively, measured in mol=dm 3 (here and below, C denotes the molar concentration of a reactant, in the units just given, the subscript indicating the component being considered). The acidbase property of an aqueous medium is usually indicated by the value of the pH, expressed as pH
Hence, for distilled water at 25°C, pH ¼ 7, which is regarded as the neutral pH. The value of the neutral pH, nevertheless, changes with temperature, because K a;w is temperaturedependent. For example, at the standard synthesis temperature of 100°C, the value of the neutral pH is 5.6.
Apart from Eq. (2.1), in the precursor solution, tetrachloroauric acid, which is a strong acid, completely ionizes according to: (Serjeant and Dempsey, 1979) . Because the amount of OH À ions is larger than that of H þ ions, the value of the pH of the reducing agent solution is above 7 at 25°C. To illustrate this, we present a sample calculation in Appendix A (Section A.2) of the SI. Upon adding the reducing agent solution to the precursor solution in the synthesis, usually carried out at 100°C in a well-mixed batch reactor, a number of reactions can occur at different rates.
For example, Pines et al. (1997) reported $ 10 À11 s as the time scale for reactions involving H þ ions to reach completion at 23°C. Hence, we expect the equilibrium reactions in Eqs. (2.1) and (2.4)-(2.6) to occur almost instantaneously. Wuithschick et al. (2015) confirmed this expectation experimentally: they reported that the reactions attain equilibrium in less than 2 s at 23°C (notice that the time resolution of the instrument that they used was of seconds). Because of these fast reactions (fast compared to the other reactions involved in the synthesis), the synthesis mixture reaches a temporary equilibrium state, henceforth referred to as ''quasi-equ ilibrium" state, before other reactions begin to occur significantly. Referred to as ''passivation step", this reaction occurs significantly over a time scale of $ 30 s at 100°C (Wuithschick et al., 2015) . Moreover, AuCl À 4 (gold oxidation state of þ3) converts into Au (gold oxidation state of zero) by the reducing action of the sodium citrate solution; this occurs significantly over a time scale similar to that characterizing the passivation reaction at 100°C (Wuithschick et al., 2015) . Therefore, after a time of about a minute, all the gold initially present in the precursor is (prevalently) either in the form of atomic gold or of AuCl 3 ðOHÞ À . In the remaining 20 min of the synthesis, all the gold converts into nanoparticles, as reported by researchers such as Ji et al. (2007) , Frens (1973) and Wuithschick et al. (2015) .
To understand the mechanism of the synthesis, Polte et al. (2010) and Wuithschick et al. (2015) investigated it using a combination of small-angle X-ray scattering and X-ray absorption near-edge structure along with the other conventional techniques of transmission electron microscopy, surface electron microscopy and UV-vis. This equipment provides time-resolved in situ information on the size of nanoparticles of about 2 nm or larger and of their number concentration, offering a reliable account of the synthesis. For the synthesis carried out at 75°C, Polte et al. (2010) reported this information for a total synthesis time of 80 min (in Fig. 2(d) of their article). We have reproduced this figure in Fig. B .1 in Appendix B of the SI. From this figure, we see that in the time interval between 20 and 80 min the aggregation process is absent, because the particle number concentration is constant. Before 20 min, however, the aggregation process is present, because the number concentration of particles decreases. To determine whether the growth process is also present before this time, we further analysed Fig. B.1 . From this analysis, reported in Appendix B (Section B.1) of the SI, we can state that the growth process is nearly insignificant before this time. So, in developing a mathematical model, it can be assumed that in the synthesis the aggregation process is entirely decoupled from the growth process. According to Wuithschick et al. (2015) , the nanoparticles stop aggregating when they reach about the same size, which is referred to as ''seed" size. Then, these ''seed particles" grow into the final NPs by reacting with the hydroxylated precursor, which we assume to be in the form of AuCl 3 ðOHÞ À considering the pH range of interest in the citrate synthesis method. Based on these explanations, we present the seed-mediated mechanism as shown in Fig. 2 As gold atoms generate, they aggregate forming particle seeds; growth is not entirely absent, but its contribution is much less significant and thus is neglected. Finally, the gold present in AuCl 3 ðOHÞ À grows the seeds into NPs; during this step aggregation is absent.
Model development
In this section, we derive a model for the GNP citrate synthesis based on the seed-mediated mechanism as presented in Fig. 2 .1. The precursor solution is mixed with the reducing agent solution to form the synthesis solution, where GNPs then form. The reduction, passivation and growth steps involve chemical reactions, while the seed formation step involves solely the aggregation process. For the chemical reactions, we first derive balanced chemical equations and then develop their rate equations, whilst for the seed formation step we suggest a method for calculating the seed diameter that is applicable for initial molar ratios of sodium citrate to gold (more precisely to tetrachloroauric acid) equal to or greater than five. For initial molar ratios with these values, as illustrated in Appendix C of the SI, the values of the pH of the synthesis solution at quasi and final equilibrium are approximately equal. Based on this observation, we derive a model for the synthesis.
Precursor reduction step
In the reduction step AuCl Kettemann et al. (2016) suggested that it is CtH 2À . We tested both alternatives, using data about the kinetics of the synthesis reported by Ji et al. (2007) . From this test, we concluded that CtH For the conversion of the precursor into gold atoms, Kumar et al. (2007) reported the overall balanced chemical equation in the form: 
.
We assume that the kinetics of the reduction step follows a rate law. This means that the reaction rate is proportional to the product of the concentrations of the reactants, each concentration raised to a coefficient (Fogler, 2004) . Therefore, we write the rate r r for the reaction between AuCl 
ð3:3Þ
where r r is the formation rate of gold atoms in mol=ðm 3 sÞ, k r is the reduction rate constant, and l and n are the rate orders of AuCl À 4 and CtH À 2 , respectively. While investigating the synthesis in the presence of an excess of sodium citrate, Chakraborty et al. (2016) found that Eq. (3.3) is first-order with respect to AuCl À 4 ; that is, l ¼ 1. So, we can write:
ð3:4Þ
To obtain the values of k r and n, one needs data for r r and the corresponding values of C AuCl . To obtain values for r r , one requires data of the time evolution of the concentration of gold atoms present in the GNPs. Hendel et al. (2014) do not report data of this kind, but give relevant information. In particular, for nanoparticles synthesized with different initial precursor concentrations, they correlated the amount of gold initially present in the precursor to the UV-vis absorbance at 400 nm obtained at the end of the synthesis. By doing so, they observed that such quantities are linearly related. Because all the gold in the precursor converts into nanoparticles, they concluded that the UV-vis absorbance at 400 nm is proportional to the amount of gold atoms present in the solid phase. Consequently, one can use data of the time evolution of the UV-vis absorbance at 400 nm to determine the time evolution of the concentration of gold atoms present in the solid phase. However, since the data of Hendel et al. (2014) were obtained at the end of the synthesis only, we could not use them to determine r r (no time-resolved data are available). To this end, we instead used the data of Ji et al. (2007) , who investigated the synthesis at 100 C for a fixed initial value of precursor concentration, equal to 0:25 mol=m 3 , and an initial value of the citrate-togold molar ratio varying between 0.7 and 28 (values referred to the synthesis solution). Ji et al. reported the time evolution of the UV-vis spectra in the wavelength band between 400 and 800 nm for three initial conditions; furthermore, for these and many more initial conditions, they reported the time evolution of the UV-vis peaks of the absorption spectra. One can obtain values for r r by using either the entire UV-vis spectra or the values of their peaks. From the UV-vis spectra, one can determine the values of the UVvis absorbance at 400 nm and subsequently the concentration of gold in the solid phase. Since these data are time-resolved, one can therefore determine the corresponding values of r r . The disadvantage of this method is that the spectra are available only for three initial precursor concentrations, and so just three values for r r can be found. Many more values are instead available for the peaks; for this reason, we used the time evolution of the UV-vis peaks.
One consideration is in order here. Note that using the values of the UV-vis peaks is possible since, when normalized, their time evolution is nearly identical to that of the normalized UV-vis absorbance at 400 nm. To demonstrate this, in Appendix D (Section D.1) of the SI we compare the time evolutions of the normalized UV-vis absorbances (at 400 nm) and peaks (the normalized values are obtained by dividing the actual values of the absorbance by the respective maximum absorbance values, which correspond to those at the end of the synthesis). As we can observe, the time evolutions are nearly identical. This implies that also the UV-vis peaks are linearly related to the concentration of gold in the solid phase. Therefore, we obtained the amount of gold atoms in the solid phase produced from the reduction step using the time evolution of the peaks. These data are reported in Fig. 2S (b) of the work of Ji et al. (2007) .
We used these data in the limit t ! 0. This is because the gold atoms in the solid phase can form via both the reduction and growth steps, as illustrated in Fig. 2 .1; However, in the limit t ! 0, because the growth step occurs solely in the presence of particles, only the reduction step plays a role. Thus, to obtain the values of k r and n, we only used the data of r r , and of the corresponding values of C AuCl Fig. 3 .1, we multiplied both sides of Eq. (3.6) by À1; thus, the intercept of the line is equal to À log k r .
From Fig. 3 .1, we can calculate the reaction order with respect to CtH À 2 . This is given by the slope of the curve and is equal to n ¼ 1:85. The reduction rate constant at 100 C, on the other hand, is equal to: We can thus write the reduction rate equation as:
ð3:7Þ
Precursor passivation step
As previously discussed, the passivation step occurs when OH À reacts with a portion of AuCl À 4 to form AuCl 3 ðOHÞ À , since higher hydroxylated forms of the precursor are present in negligible amounts within the pH range of interest for the synthesis, which is between 3 and 8 when the pH is measured at 25°C (Peck et al., 1991) . We write the chemical reaction as:
A rate equation for this step has been reported by Pacławski et al. (2012) in the form:
where r p is the passivation rate and k p is the rate constant; the reaction is first-order with respect to both reactants. For the value of k p , Pacławski et al. (2012) refer to Hanes et al. (1992) , in which it is reported that k p ¼ 0:0052 m 3 =ðmol sÞ at 16°C.
To determine the value of k p at the standard synthesis temperature of 100°C, we employ the experimental data of Wuithschick et al. (2015) , who reported, at different temperatures, the times that AuCl À 4 takes to convert significantly when hydroxylating into AuCl 3 ðOHÞ À for fixed initial concentrations of tetrachloroauric acid and NaOH in solution. These data refer to values of the mixture pH falling within the range in which the amounts of the higher hydroxylated forms of the precursor are negligible (Peck et al., 1991) . Table 3 .1 shows these data. From these, we can obtain the value of the activation energy of the passivation reaction.
As the initial concentrations of HAuCl 4 and NaOH do not change, k p is proportional to the inverse of the reaction time s p , the proportionality constant, denoted as b, not depending on the reaction temperature. The reasoning for this proportionality is presented in Appendix E (Section E.1) of the SI. We can thus write:
Therefore, the Arrhenius equation for this step can be written as:
where k 0 and E a are the pre-exponential factor and activation energy, respectively, while T is the temperature in Kelvin and R is the universal gas constant. Rearranged, Eq. (3.11) becomes: ln 1
A plot of lnð1=s p Þ versus 1=T, based on the experimental data of Wuithschick et al. (2015) , is shown in Fig. 3 .2. The slope of the line is equal to À9070:2 K. Thus, we obtain: By an indirect method, reported in Appendix F of the SI, we obtained an estimated value of 1:9 m 3 =ðmol sÞ for k p at 100°C, confirming that the (more reliable) value found here is reasonable.
Seed growth step
The growth step involves a continuous increase of the size of the seed particles that occurs when the gold atoms produced from the reduction of AuCl 3 ðOHÞ À integrate onto the surface of the seed particles (shown in Fig. 2 .1). Using molecular thermodynamic simulations, Ojea-Jimenez and Campanera (2012) 
where we have explicitly indicated that this reaction occurs on the surface of the gold nanoparticles. Eq. (3.14) is the balanced chemical equation for the growth step. Like the reduction step, its stoichiometry requires that (on the particle surface) three moles of CtH 2À reduce two moles of AuCl 3 ðOHÞ À .
The growth model depends on the controlling mechanism. The two mechanisms are mass transfer and surface reaction (Mersmann, 2001 ). Here we assume that growth is controlled by the latter mechanism. This assumption is based on an analysis of the experimental data reported in Fig. 2(d) of the article of Polte et al. (2010) , which presents the time evolution of the particle mean size (Fig. B .1 in Appendix B of the SI reproduces this figure) . The data reveals that the growth rate is constant over a large time interval; only towards the end of the synthesis it first appears to increase slightly and then it progressively decreases, eventually vanishing. The decrease is expected and is due to the depletion of the driving force (that is, of the concentration of AuCl 3 ðOHÞ À Þ.
For growth controlled by mass transfer (that is, mass transfer limited), the growth rate decreases with size (Viswanatha and Sarma, 2007) . Since this behaviour is not observed experimentally, we assume that surface reaction controls particle growth. A more detailed analysis is provided in Appendix B of the SI. The same assumption was also made by Kumar et al. (2007) . In deriving the growth model, we thus assume that the growth rate follows a rate law that depends on the concentrations of the reactants (that is, AuCl 3 ðOHÞ À and CtH 2À ) and on the specific particle surface. So, we write:
where C Au represents the moles of gold atoms present in the particles per unit volume of mixture; this concentration, consequently, increases only because of growth (since nucleation is absent), and so dC Au =dt is directly related to the rate of change of the particle size (see Appendix B for further details). Also, in Eq. (3.15), k g is the reaction constant, A is the particle surface area per unit volume of mixture, and g and h are the reaction orders for AuCl 3 ðOHÞ À and CtH 2À , respectively. Eq. (3.15) contains three constants: k g , g and h. We take g and h to be equal to one, following Turkevich et al. (1951) , who reported the order of the two reactants in the growth process to be unity. Thus, we have:
To determine the value of k g , we still employ the data in Fig. 2  (d) of the article of Polte et al. (2010) , where the initial concentrations of the precursor and reducing agent in the synthesis solution are 0:25 mol=m 3 and 2:5 mol=m 3 , respectively, and the solution temperature is 75 C. As this figure describes the time evolution of the mean size, we can obtain the growth rate ds m =dt from Eq. (3.16) as:
where m a is the particle area shape factor (which we set equal to p, assuming that the particles are spherical), q is the molar density of gold, taken to be 10 5 mol=m 3 (Kumar et al., 2007) , m v is the particle volume shape factor (which we set equal to p/6, assuming that the particles are spherical) and s m is the mean particle diameter. See Appendix B of the SI for the derivation of this equation. As previously illustrated, the mean particle size can be affected by seed formation (caused by aggregation) and growth. In the range 20-70 min in the Fig. 2(d) , the particles no longer aggregate, since the number concentration of particles is constant. However, the particle mean size increases; this can only be due to growth. At any particular time within this time interval, we can calculate the values of ds m =dt, C AuCl 3 ðOHÞ À , C CtH 2À and A, and then obtain the value of k g from Eq. (3.17). From the calculations reported in Appendix B of the SI, at 75 C the constant k g is equal to 2:0 Â 10 À6 m 4 =ðmol sÞ. To obtain the value of k g at 100 C, we employ additional experimental data reported by Polte et al. (2010) for the same initial concentrations of precursor and reducing agent but at two other temperatures: 85 and 100 C. These additional data show that the time scale of the growth step, which is the time required for the particle size to change significantly due to growth, decreases from about 40 mins at 75 C to about 23 and 15 min at 85 and 100 C, respectively (Polte et al., 2010) . From these times, we can calculate the activation energy of the growth step. Similarly to what we discussed in relation to the passivation step, we can relate the constant k g to the inverse of the growth time scale s g as follows:
where b is a proportionality constant. The reasoning for this equation is presented in Appendix E (Section E.2) of the SI. Then, we calculate the activation energy E a for the growth step using the Arrhenius equation (Mersmann, 2001) :
where k 0 is the pre-exponential factor for the growth step. By rearranging Eq. (3.19), we obtain: 
Seed formation step
The seed-mediated mechanism requires that the gold atoms, formed from the reduction step, aggregate into equal-sized ''seed particles". If the number concentration of gold atoms produced from the reduction step were approximately equal to the final number concentration of gold nanoparticles, each gold atom would coincide with a seed particle, which would then ''grow" into a final GNP (note that in this case the term ''grow" is incorrect, since, at least initially, the particles are made up of few gold atoms; growth is possible solely when the particles comprise several atoms, so that the rate of change of their size caused by the attachment of additional atoms can be regarded as a continuous process). This is a limiting case for the seed particle size, not expected to be observed experimentally. The number concentration of gold atoms is expected to be far greater than the number concentration of the final GNPs, the seed size being consequently larger than the size of a gold atom, which is 0:272 nm (Cordero et al., 2008) . In this section, we propose a method for calculating the diameter of the seed particles; however, due to its complexity, we do not attempt to model the aggregation process or to determine its kinetics.
Because no further aggregation occurs after the seed formation step, the number concentration of the seed particles must be equal to the final number concentration of GNPs (Wuithschick et al., 2015) . Assuming complete conversion of the precursor into GNPs and a monodisperse particle size distribution, we can estimate the final number concentration of GNPs as follows:
where C HAuCl 4 is the initial concentration of the precursor in the synthesis solution, and s f is the final mean particle diameter.
The number concentration of seed particles, however, can also be calculated using the following equation:
where C s is the amount of precursor that forms the seed particles per volume of synthesis solution and s s is the seed diameter.
The value of C HAuCl 4 is known. To determine the value of C s , we use the selectivity of the reduction step over the passivation step, defined as the ratio of the amount of precursor that forms gold atoms in the reduction step to the amount of precursor that becomes passivated. The amount of precursor that forms gold atoms and then seed particles is equal to VC s and can be expressed as:
where V is the volume of synthesis solution, r r is the reaction rate for the reduction step, t is the time, and t s is the total synthesis time.
Similarly, the amount of precursor that becomes passivated can be expressed as: 
Note that the relation above applies to synthesis conditions where the molar ratios of the initial concentration of sodium citrate to tetrachloroauric acid in the synthesis solution are equal to or greater than five. As S ! 0, this limit being approached at high pH, s s ! 0; before reaching this extreme case, s s will become equal to the size of a gold atom, as previously discussed.
Based on the criterion above, we simplify the balanced chemical equations for the reduction, passivation and growth steps, and present a model for the citrate synthesis method as follows.
Nanoparticle synthesis model
The proposed model is based on the seed-mediated mechanistic description of the synthesis describing how the gold nanoparticles evolve as they form. To simplify the kinetic equations, we restrict to initial molar ratios of citrate to gold to values equal to or greater than five. For this condition, as shown in Fig. C 
Being an equilibrium constant, K R3 assumes a constant value which depends on the synthesis temperature. At a fixed synthesis temperature and once the pH value of the synthesis solution is determined at quasi-equilibrium, the ratio of C Ct 3À =C CtH =C CtH 3 are constant while the synthesis progresses, if one assumes that the mixture pH remains constant at the quasi-equilibrium value.
This assumption also implies that we cannot write the chemical equations in terms of the real reactants and products involved in the reduction, passivation and growth steps. 2)-(2.4) to the right. To develop a model that accounts for the real reactants and products, apart from the reaction rates so far considered, we need to know also the rates of the reactions involving H þ . We do not know these rates, but we know that they are extremely large. Accordingly, we use the quasi-equilibrium approximation instead. In doing so, we could still consider all the reactants and products, but we would have to solve the quasi-equilibrium at every time step of the simulation, which is too demanding. To avoid doing this, we opt for a simplified model that nevertheless is able to correctly predict the evolution of the particle size, ensuring that the amount of gold initially present in the precursor eventually turns into nanoparticles. As for the reactants, this simplified model cannot consider all the products of the reactions. Rather, it lumps a number of them into fictitious components.
Chemical reactions
For the reaction in Eqs. (3.2), we rewrite the chemical reaction as:
2T þ 3ðx Á CtÞ ! 2Au þ Pr1 ð3:31Þ
T represents the gold in AuCl À 4 , Ct represents the sum of all the species of citrate, x represents the relative mole fraction (among the four citrate species) of CtH À 2 at the quasi-equilibrium pH, Au represents the gold in the GNPs, and Pr1 represents all by-products from the reduction step, lumped together.
For the reaction in Eq. (3.8), we have:
B represents OH À , which is assumed to have a constant concentration, and acts as a catalyst; K represents the gold that becomes passive and that eventually grows the seed particles. For the reaction in Eq. (3.14), we have:
y denotes the relative mole fraction of CtH 2À at the quasiequilibrium pH, whilst Pr2 represents all by-products from the surface reduction, lumped together.
Mole balances
Assuming that the reaction solution is perfectly mixed (which implies that all intensive properties, such as temperature and concentrations, are uniform), we can select as control volume the region (of constant volume V) occupied by the mixture contained in the batch reactor wherein the synthesis takes place. The balance equations of the mixture components are then those reported below.
3.5.2.1. Precursor. This is consumed by both the reduction and passivation steps. Considering Eqs. (3.7) and (3.9), the material balance equation takes the form: (3.2) and (3.14). To ensure that total mass is conserved, we report the balance equations for these other by-products. To account for those generated in the reduction step, lumped into Pr1, we write:
ð3:38Þ
To account for the by-products generated in the growth step, lumped in Pr2, we write the following material balance equation:
3.5.2.6. Gold nanoparticles. In writing a continuity statement for the particle phase, one employs the population balance modelling approach (Ramkrishna, 2000; Marchisio and Fox, 2013) . This is based on the size distribution of the particles (PSD) and accounts for the processes that affect the particle population. In modelling the evolution of the GNPs, we do not model the nucleation process, and the subsequent aggregation process that yields the seed particles. Instead, we consider a nucleation term that accounts directly for the ''nucleation" of the seed particles, whose size is determined using the method specified in Section 3.4. After the seed particles have ''nucleated", they grow into the final GNPs. In the previous model by Kumar et al. (2007) , the authors employed this modelling approach to describe the evolution of the GNPs by nucleation and growth, assuming that the nucleus had a known diameter of 2 nm. However, as illustrated in Section 3.4, the seed diameter does not have a constant value; this depends on the synthesis conditions. As we have assumed that the reaction system is uniform, the PSD does not depend on the real-space coordinates. The PSD, which we denote as f ðs; tÞ, depends solely on the particle size and on the time coordinate. By definition, f ðs; tÞds represents the number of particles per unit volume of synthesis solution with size in the differential range ds about the size s at time t. For details about the derivation of the population balance equation, we refer to Ramkrishna (2000) and Marchisio and Fox (2013) 
Here G s is the particle growth rate, previously reported in Eq. (3.17).
The term on the left-hand side of Eq. (3.40) represents accumulation, while the first term on the right-hand side accounts for the growth process due to surface reaction. The second and last term on the right-hand side accounts for the formation of the seed particles. In this term, k r C T ðxC Ct Þ 1:85 gives the rate of formation of gold atoms in mol=ðm 3 sÞ which forms seed particles, and dðs À s s Þ indicates that all the seed particles have equal diameter s s , given by Eq.
(3.29). The term qm v s 3 s is the moles of gold present in one seed particle. We have assumed here that as soon as the gold atoms form, they immediately aggregate, turning into seed particles; we made this assumption, because, for the time being, we do not know the aggregation rate and do not have a model for the aggregation process. Developing one is quite complex, and doing so is part of future work.
Results and discussion
To solve the model, we used the numerical code Parsival, which is commercially available for solving population balance equations. For the computational details of this software, we refer the reader to Wulkow et al. (2001) . In this code, the equations are solved on a mass basis; therefore, we transformed the equations, which were derived on a mole basis, into a mass basis. Since the reaction system is uniform, we converted the mole into kg by writing:
where m is the mass in kg, C is the concentration in mol=m 3 , Y is the molar mass of species i in kg=mol and V is the volume of the synthesis solution. By differentiating Eq. (4.1) with respect to the time, one obtains:
In the synthesis, the reaction mixture is dilute, containing predominantly water. One can therefore assume that the volume of the mixture is constant. Therefore, Eq. (4.2) reduces to:
The balance equations of the model can then be expressed as follows:
On the other hand, the population balance equation in Eq. (3.40) expresses how the particle size distribution evolves under the influence of the formation and growth of the seed particles. These are assumed to be formed at the seed size s s , represented by the Dirac delta function. Because this function cannot be implemented in Parsival, we employed a similar but smooth function: a Gaussian distribution with mean equal to s s (i.e., the size of the seed particles) and an extremely small standard deviation. In Agunloye et al. (2017) , we showed that assuming a narrow Gaussian distribution does not affect the final results. For reaction conditions in which the initial values of the citrate-to-gold molar ratio are equal to or greater than five, we followed the methodology presented in Section 3.4 to determine the values of x and y, which are the relative mole fractions of CtH Finally, in solving model equations in the synthesis model, we had to specify the initial conditions and the value of s s . These initial conditions must satisfy the criterion that the initial value of the citrateto-gold molar ratio in the synthesis solution be equal to or greater than five at a temperature of 100 C. In the literature, researchers such as Turkevich et al. (1951) , Ji et al. (2007) , Zabetakis et al. (2012) and Wuithschick et al. (2015) used experimental conditions that satisfy this condition. Albeit most of the experimental data reported by Turkevich et al. were for molar ratios below five, the authors reported a final mean size of 20 nm at an initial value of the citrate-to-gold molar ratio of 7.6, which can be regarded as the synthesis standard condition. Similarly, Zabetakis et al. investigated the synthesis at a single initial molar ratio of five. However, while keeping the molar ratio constant, they altered the initial pH of the precursor by changing the initial concentrations. Ji et al. and Wuithschick et al., on the other hand, investigated the synthesis at several initial molar ratios at or greater than five.
The value of the seed size s s can be calculated employing Eq. (3.29). In the following section, we validate the predictions obtained from this equation using the synthesis conditions of Wuithschick et al. (2015) , where the size of the seeds is reported. Once Eq. (3.29) has been validated, we use it to illustrate that the value of the seed size is not constant, but depends on the initial conditions of the synthesis.
Seed size validation and sensitivity analysis
To validate the value of the seed diameter obtained from Eq. (3.29), we employ the standard condition in the work of Wuithschick et al. (2015) , where the molar ratio of citrate-togold is ten, the initial precursor concentration in the synthesis solution at 100 C is 0:25 mol=m 3 , and the final particle mean diameter is 18:6 nm. In this condition, the authors reported a value of the seed diameter of $ 3 nm. This value allows validating the predictions of Eq. (3.29) .
To obtain the value of S, we use Eq. (3.27). At 100 C, k r ¼ 35:48½m 3 =mol 1:85 1=s and k p ¼ 6:1 m 3 =ðmol sÞ. To determine the values of C CtH À 2 ;0 and C OH À ;0 , we follow the procedure described in Appendix A of the SI; these are 1:4 Â 10 À3 mol=m 3 and 7:44 Â 10 À3 mol=m 3 , respectively, while the pH value is 6.06. Thus:
This value agrees with the measured seed size ($ 3 nm) measured by Wuithschick et al. (2015) . We can therefore specify this value in the numerical code to implement the synthesis model for the standard condition of Wuithschick et al. (2015) . Notice that changing the value of s s , given the same synthesis conditions, does affect the model predictions. This indicates that the model is sensitive to the value assigned to the size of the seeds, and this value, therefore, has to be properly estimated. To illustrate this point, we changed the value of 2:97 nm by AE1%, AE10% and AE50% and then solved the model numerically using these new, incorrect values of the seed diameter. Table 4 .1 shows the results. These results reveal that as the seed diameter increases from the actual size of 2.97 nm, the final mean diameter increases. Because the selectivity is determined by the initial reaction conditions, the amount of the precursor that forms the seed particles is fixed. Increasing the seed size, therefore, decreases the number density of seeds. These seeds then grow into final GNPs with a mean diameter larger than 18.8 nm. Hence, specifying the accurate value of the seed diameter in the model is important to predict correctly the final mean diameter of the NPs.
In the calculations above, the model used as input the final size of the NPs, its output being the size of the seeds, which we were able to validate using the experimental information provided by Wuithschick et al. (2015) . Nevertheless, one would like the model to be fully predictive and have as output also the final NP size. To this end, we need a submodel or an empirical correlation that can predict the seed size once the initial synthesis conditions are selected. Developing a submodel based on theoretical arguments is quite challenging and we regard it as part of future work. To render the model fully predictive, we opt for a correlation.
Seed size correlation
To derive a correlation able to predict the size of the seeds, we employ Eq. (3.29) to calculate the seed size for some syntheses for which experimental data are available and then relate the values obtained to the initial conditions adopted in the syntheses. We employ the experimental data of Ji et al. (2007) , whose initial conditions satisfy the criterion for the synthesis model (i.e., the initial citrate-to-gold molar ratio must be equal to or greater than five). Ji et al. (2007) investigated the synthesis at 100 C for a fixed initial value of precursor concentration, equal to 0:25 mol=m 3 , and an initial value of the citrate-to-gold molar ratio varying between 0.7 and 28 (values referred to the synthesis solution). To derive the correlation, we considered the syntheses in which the initial values of the citrate-to-gold molar ratio were 5.6, 7.7, 8.4, 14 and 27.8, whilst the final mean sizes of the GNPs were 19:79, 25:23, 25:87, 31:01, and 30:58 nm, respectively. From the initial conditions of these five syntheses and following the procedure described in Section 4.1, we could calculate the corresponding values of the selectivity S. Then, we calculated the seed diameters from Eq. (3.29). Fig. 4 .1A shows how the seed diameter varies with the initial value of the citrate-to-gold molar ratio.
The figure shows that the seed size varies linearly with the citrate-to-gold molar ratio when the initial precursor concentration and temperature are constant (at 0.25 and 100 C, respectively). Once the initial conditions of the synthesis are assigned, the value of the quasi-equilibrium pH can be calculated using the method outlined in Appendix A of the SI. Once the value of the quasi-equilibrium pH is known for each value of the initial citrate-to-gold molar ratio, Fig. 4 .1B can be generated. This expresses the final mean diameter of the NPs as a function of the quasi-equilibrium pH. Also in this case the functional relation is linear, the correlation fitting the data even better than in Fig. 4 .1A. Thus, letting pH Q denote the quasi-equilibrium pH, we can write:
where A ¼ À5:40 and B ¼ 37:08 nm. Notice that the quasi-equilibrium pH depends solely on the citrate-to-gold molar ratio, being independent of the initial precursor concentration. We verified this using the thermodynamic model presented in Appendix A of the SI. We employed this model also to generate Fig. 4 .2, in which we report the values of the quasi-equilibrium pH against those of the citrate-to-gold molar ratio for syntheses investigated experimentally by various research groups. These syntheses had different initial values of precursor concentration, but, as the figure reveals, the experimental points fall on one curve; this implies that the only variable that affects the quasi-equilibrium pH is indeed the citrate-to-gold molar ratio.
The correlation (4.9) is valid at a temperature of 100 C for a fixed value of precursor concentration. We now extend its range of validity by considering experimental data referring to syntheses in which this concentration varies, while the value of the initial citrate-to-gold molar ratio is kept fixed. To this end, we employ the synthesis conditions of Zabetakis et al. (2012) , who kept the molar ratio equal to 5 whilst considering the precursor concentrations C T0 ¼ 0:3, 0:6, 1:0, 1:2, and 2:0 mol=m 3 in the synthesis solution. We use three out of these five initial conditions to obtain the dependence on the initial precursor concentration, while we use the remaining two in Section 4.3 to test the model predictions. These three initial conditions are C T0 ¼ 0:3, 1:0, and 2:0 mol=m 3 , which yielded GNPs with mean sizes of 18:70, 14:40, and 16:00 nm, respectively. For these three initial conditions, we can calculate the selectivity S using the procedure in Section 4.1. Then, we calculate the seed diameter from Eq. (3.29). Fig. 4 .3 shows how the seed size varies with the initial precursor concentration. From this figure, the seed diameter linearly correlates with the initial concentration of precursor. To account for the dependence of the seed size on the initial precursor concentration in Eq. (4.9), we write: 
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IniƟal citrate-to-gold raƟo Turkevich et al. (1951) Frens (1973) Freund and Spiro (1985) Abid ( coefficients in Figs. 4.1B and 4.3 had been unity. As Fig. 4 .1B contains more data points than Fig. 4 With this correlation for the seed diameter applicable at the synthesis temperature of 100°C, the synthesis model is fully predictive. We test the model predictions in the following section.
Model validation
In this section, we test the model by comparing its predictions against experimental data. These data refer to syntheses whose initial conditions satisfy the criterion on which the model is based, namely that the initial citrate-to-gold molar ratio must be equal to or greater than five; furthermore, they refer to syntheses conducted at a temperature of 100°C. Three data sets are taken from the work of Ji et al. (2007) and two from the work of Zabetakis et al. (2012) . Ji et al. kept the initial precursor concentration constant at 0:25 mol=m 3 and varied the citrate-to-gold molar ratio considering the values of 7.0, 10.5 and 17.8. Zabetakis et al., conversely, kept the initial citrate-to-gold molar ratio constant at five and varied the initial precursor concentration, considering the values of 0:6 and 1:2 mol=m 3 . From these initial conditions, following the procedure outlined in Appendix A of the SI, we obtained the value of the quasi-equilibrium pH, and then calculated the corresponding values of seed diameter using Eq. (4.12). Notice that these data were not part of the data set employed to derive the seed size correlation in the previous section.
For the data of Ji et al. (2007) , Fig. 4 .4A shows the particle sizes predicted by our model and by that of Kumar et al. (2007) against the experimental data. As shown, the predictions of our model are in very good agreement and follow the same trend as the experimental data. The values of the seed diameter calculated from Eq. (4.12) for the citrate-to-gold molar ratios of 7.0, 10.5 and 17.8 are 5:28, 4:26, and 2:99 nm, respectively. These values, also shown in Fig. 4 .4A, compare reasonably well with those of 5:63, 4:25, and 2:91 nm, calculated from Eq. (3.29). These good predictions of the seed diameter explain why the model yields good predictions in terms of final particle size. As the quasi-equilibrium pH increases, indicating an increasing amount of OH À , the amount of precursor that generates AuCl 3 ðOHÞ À increases, while the amount of precursor that forms gold atoms and then seed particles decreases. The latter trend is confirmed by the decreasing values of the seed diameter. Thereafter, the remaining precursor, in the form AuCl 3 ðOHÞ À , grows the seed particles into the final GNPs.
Since the initial precursor concentration in these three initial conditions was kept constant at 0:25 mol=m 3 , the increasing amounts of AuCl 3 ðOHÞ À grow the seed particles to larger final sizes.
In Fig. 4 .4A, we also report the values predicted by the model developed by Kumar et al. (2007) . To obtain these values, we implemented and solved their model numerically. In this model, Kumar et al. assumed the seed diameter to be constant at 2 nm for different reaction conditions. The description of how their model was solved numerically, and the checks carried out to verify that the implementation is correct, are discussed in Agunloye et al. (2017) . We see that the predictions from their model show an opposite trend: the predicted mean diameter decreases with increasing quasi-equilibrium pH; moreover, the model predictions are less accurate for two of the three conditions reported in Fig. 4 .4A. Their model is based on a mechanistic description which is completely different from that informed by the chemistry of precursor and reducing agent in the synthesis solution; accordingly, it does not account for the important role played by the pH in this synthesis method. The pH determines the relative mole fractions of the citrate species and the quantities of precursor that reduces to gold atoms and passivates into the hydroxylated form which is able to grow the seeds (AuCl 3 ðOHÞ À ). The concentration of gold atoms along with the balance of forces of attraction and repulsion determines the seed size. As discussed, this is not constant, contrary to the assumption used in the model of Kumar et al. For the data of Zabetakis et al. (2012) , Fig. 4 .4B shows the values of the final particle sizes predicted by our model and by that of Kumar et al. (2007) against the experimental data. Again, the predictions of our model are in very good agreement with the latter. The values of the seed diameter in this case are larger than those reported in Fig. 4 .4A for the syntheses of Ji et al. This is because the seeds are formed via an aggregation process, whose effect decreases as the value of the pH of the mixture at quasi-equilibrium conditions increases. For both syntheses conducted by Zabetakis et al. the pH value is 5:72 (the value does not change because in both syntheses the value of the citrate-to-gold molar ratio is the same). This value is lower than all the pH values characterizing the syntheses conducted by Ji et al., as one can see from Fig. 4 .4A. Even if the quasiequilibrium pH, which determines the selectivity, is identical for both conditions in Fig. 4 .4B, the initial precursor concentrations are different. The larger initial concentration of precursor increases the concentration of gold atoms. These atoms aggregate more significantly to produce larger seeds, and also a greater number concentration of seed particles. As shown in Fig. 4 .4B, the seed size for C T0 ¼ 1:2 mol=m 3 is 10:03 nm while for C T0 ¼ 0:6 mol=m 3 is 7:61 nm. larger amount of AuCl 3 ðOHÞ À is generated in the case of C T0 ¼ 1:2 mol=m 3 , this amount grows the greater number of seed particles (per unit volume) to almost the same final size as in the case of C T0 ¼ 0:6 mol=m 3 , as shown. The predictions of the model by Kumar et al. (2007) deviate considerably from the experimental data, the NP final sizes being smaller than the size of the seeds yielded by our model. We have discussed in our previous work (Agunloye et al., 2017) why their model does not yield accurate predictions, and so here we do not comment on this at length. Although the model accounts for the reduction of the precursor, it does not account for the hydroxylation of the tetrachloroauric ions, a reaction that occurs in parallel with the reduction step when the precursor and reducing agent solutions are mixed.
In our model, the three most important synthesis parameters are the initial concentration of the precursor, the initial citrateto-gold molar ratio (or, equivalently, the quasi-equilibrium pH of the synthesis solution) and the solution temperature. From the seed correlation reported in Eq. (4.12), which holds only at 100°C, we see that the first two parameters determine the size of the seed particles. The synthesis temperature, on the other hand, affects the values of the reaction rate constants and consequently of the selectivity of the precursor reduction and passivation reactions, as Eq. (3.27) reveals. Hence, taken together, the values of these three parameters determine the final size of the gold nanoparticles.
The particle size distribution predicted by our model is monodisperse owing to some assumptions on which the model is based. These assumptions are (1) the synthesis solution is perfectly mixed -the synthesis is assumed to occur in a perfectly-mixed batch reactor, (2) the seeds are assumed to have identical size (see Eq. (3.40)), and (3) the seed formation step is essentially decoupled from the growth step. Therefore, the predicted final particle size distribution is necessarily monodisperse. To obtain a polydisperse distribution, at least one of these assumptions has to be removed.
Conclusions
This work presented a new mathematical model for the description of the synthesis of gold nanoparticles via the citrate synthesis method. This method involves reducing tetrachloroauric acid with sodium citrate in an aqueous medium. In this medium, the precursor and reducing agent can exist in various forms by reacting with OH À and H þ , respectively. Furthermore, the system features several reactions and processes that occur in series and in parallel. Using the seed-mediated mechanism proposed by Wuithschick et al. (2015) , we reported the steps describing the evolution of GNPs in the synthesis. Subsequently, we derived rate equations for the reactions involved in the reduction, passivation and growth steps, and proposed a method of calculating the seed diameter in the seed formation step. Then, we reported the synthesis model that describes how the components evolve with time, assuming that the pH value of the reaction mixture is constantly equal to its quasi-equilibrium value.
In this article, we solved the model for experimental conditions satisfying the criterion of initial values of the citrate-to-gold molar ratio equal to or greater than five. In this model, seed particles first form and then GNPs evolve from them. To determine the size of the seeds, we derived a correlation based on the initial conditions of the synthesis. We illustrated that the model predictions are sensitive to the value employed for the seed size. In the cases investigated, the model predictions agreed very well with the experimental data. In most of these cases, the growth process overrides the seed formation process in determining the final particle size; the more the amount of gold that passivates, the larger the final particle size is. At low pH values, nonetheless, we saw that seed sizes are larger, since the aggregation process is more vigorous. 
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